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1. The corrected statements
This erratum fixes several mistakes in the named paper. The statement and proof of Propo-
sition 6.2 is incorrect, however the statement of Theorem 1 is correct. The first assertion of
Theorem 2 is correct, however we give a modified version below. There is a typo in the statement
of the Main Theorem, however the statement about quasimodes is correct. Specifically, Eq. (1.1)
should be replaced with
‖u‖ C log(1/h)
h
∥∥P(h)u∥∥+C√log(1/h)∥∥(I −A)u∥∥,
that is, (log 1/h)1/2 in the first term on the right-hand side should be replaced by log(1/h).
We will give a modified, global version of Theorem 1 below which we then use to correct the
proof of Theorem 2 and the Main Theorem. As a consequence of the mistake in the proof of
Proposition 6.2, the application to the damped wave equation in Theorem 5 is also incorrect. In
this erratum, we fix these mistakes (see [1] for an in-depth discussion of the optimality of the
corrected Theorem 5′ below). We begin by stating the correct results, and then indicate where
the mistakes in the proof occur, and how to remedy them. First let us recall the notation used in
[3]. We are ultimately interested in a semiclassical pseudodifferential operator P(h) on a com-
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{p = 0} ⊂ T ∗X where p is the principal symbol of P(h). In [3] we define the perturbed family
of operators Q(z) = P(h)− z − ihaw , for a ∈ C∞(T ∗X). The mistake in this work comes from
the fact that the complex absorbing potential haw is not large enough for our purposes. In fact,
the size necessary is h log(1/h), which is no longer “lower order”. Hence in this erratum, for
simplicity, we take an absorbing potential of size 1, and define
Q˜(z) = P(h)− z − iWw,
where W ≡ 0 in a small neighbourhood of γ and W ≡ 1 away from γ .
Theorem 1′. There exist constants c0 > 0, h0 > 0, and N0 such that for u ∈ L2(X), z ∈ [−1,1]+
i(−c0h,+∞), and 0 < h< h0 we have∥∥Q˜(z)u∥∥
L2(X)  C
−1hN0‖u‖L2(X) (1.1)
for some constant C, provided Ww is elliptic outside a sufficiently small neighbourhood of γ .
With this theorem and the semiclassical adaptation of the “three-lines” theorem from complex
analysis, we obtain the following theorem, which is the same as Theorem 2 in [3] with Q(z)
replaced with Q˜(z).
Theorem 2′. Suppose Q˜(z) is as above, and z ∈ [−1/2,1/2]. Then there is h0 > 0 and
0 <C < ∞ such that for 0 < h< h0,
∥∥Q˜(z)−1∥∥
L2(X)→L2(X)  C
log(1/h)
h
. (1.2)
If ϕ ∈ C∞c (X) is supported away from γ , then
∥∥Q˜(z)−1ϕ∥∥
L2(X)→L2(X)  C
√
log(1/h)
h
. (1.3)
The point is that with Theorem 2′ and the control theory arguments from [2] we recover the
first estimate in Theorem 2 from [3], and the same estimate then clearly holds in the complex
neighbourhood
z ∈ [−1/2,1/2] + i(−c0h/ log(1/h), c0h/ log(1/h)),
by perturbation. From this, and the rather abstract Theorem 3 in [4] we can correct the statement
of Theorem 5 in [3] from exponential decay to sub-exponential decay:
Theorem 5′. Suppose u solves the damped wave equation on X with initial data (0, f ) and
damping a  0. Assume a controls X geometrically outside a small neighbourhood of γ . Then
for any  > 0, there is a constant C > 0 such that
‖ut‖2L2(X) + ‖∇u‖2L2(X)  Ce−t
1/2/C‖f ‖2H .
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2. The corrected proofs
In this section we begin by proving Theorems 1′ and 2′ above. The idea of the proof of Theo-
rem 1 in [3] is to conjugate Q(z) by microlocally defined weights and cut off to a neighbourhood
of γ . Of course this is the same as conjugating Q˜(z) by weights and cutting off, or for that matter
P(h) − z, since the perturbations are all supported away from γ . For Theorem 1′, we conju-
gate Q˜(z) by globally defined weights, which have the cutoff built in, and then use the complex
absorbing term iWw to control the interactions.
The first step is to observe that the quantum normal form for this operator is only microlocal in
a neighbourhood of γ . Let Vt be the effective Hamiltonian for a symplectic deformation family
κt for the symplectic transformation κ constructed in Proposition 4.3. Observe Vt is defined only
locally near γ , say in a neighbourhood of size 4 > 0. Let ψ0 ∈ C∞(T ∗X) be equal to 1 in a 2
neighbourhood and 0 outside the 4 neighbourhood, and let V˜t = ψ0Vt , which is now defined
globally on T ∗X. We can now find a globally defined symplectic deformation family κt such that
κ0 = id, κ1 = κ near γ and id away, and an h-FIO F quantizing κ1 similar to Proposition 3.2,
now using the globally defined effective Hamiltonian V˜t . For the remainder of this section, we
assume P(h) has been conjugated by F so that the principal symbol p takes the form of that in
Proposition 4.3 near γ .
Now assume W ≡ 1 outside a neighbourhood of size /2 of γ , and let ψ1 ∈ C∞(T ∗X) be 1
on an  neighbourhood of γ and 0 outside the set where ψ0 = 1. Choose also χ1, χ2 ∈ C∞(T ∗X)
so that χ1 ≡ 1 on {W = 1} with support in {ψ1 = 1} and χ1 ≡ 1 on suppψ1 with support in
{ψ0 = 1} (see Fig. 1 for a schematic drawing). Let Th,h˜ be the rescaling operator defined in (2.6)
in [3], and let Q˜1(z) be the rescaled operator
Q˜1(z) = Th,h˜Q˜(z)χw2 T −1h,h˜ .
Let G be as defined in Section 5 in [3] (defined in the rescaled coordinates), and let G˜w =
T
h,h˜
ψw1 T
−1
h,h˜
Gw . We define the conjugated operators similar to before with s > 0 sufficiently
small, only now everything is defined globally:
Q˜2(s, z) = e−sG˜wQ˜1(z)esG˜w ,
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where ψ1 ≡ 1, we have for Im z−c0h for some c0 > 0,
− Im〈Q˜2(s, z)U,U 〉 hh˜
C
‖U‖2. (2.1)
On {ψ1 = 1}, we have
〈
Q˜2(s, z)U,U
〉
 C h
h˜
log(1/h)‖U‖2,
so if W ≡ 1 outside, say, an /2 neighbourhood of γ , the estimate (2.1) holds everywhere.
More precisely, there is a zero-order pseudodifferential operator Γ w which is bounded below
by hh˜ so that
− Im〈Q˜2(s, z)U,U 〉= 〈(Γ wTh,h˜χw1 T −1h,h˜ + Th,h˜Wwχw2 T −1h,h˜)U,U 〉.
Now, since G˜w is equal to zero outside a compact set, the operators e±sG˜w are identity outside a
compact set, and hence the rescaled operators
T −1
h,h˜
e±sG˜wT
h,h˜
are globally defined. But then
− Im〈T −1
h,h˜
e−sG˜wT
h,h˜
Q˜(z)T −1
h,h˜
esG˜
w
T
h,h˜
u,u
〉
= − Im〈T −1
h,h˜
e−sG˜wT
h,h˜
Q˜(z)χw2 T
−1
h,h˜
esG˜
w
T
h,h˜
u,u
〉
− Im〈T −1
h,h˜
e−sG˜wT
h,h˜
Q˜(z)
(
1 − χw2
)
T −1
h,h˜
esG˜
w
T
h,h˜
u,u
〉
= 〈T −1
h,h˜
(
Γ wT
h,h˜
χw1 T
−1
h,h˜
+ T
h,h˜
Wwχw2 T
−1
h,h˜
)
T
h,h˜
u,u
〉
+ 〈T −1
h,h˜
e−sG˜wT
h,h˜
Ww
(
1 − χw2
)
T −1
h,h˜
esG˜
w
T
h,h˜
u,u
〉
= 〈(T −1
h,h˜
Γ wT
h,h˜
χw1 +Ww
)
u,u
〉
 hh˜
C
‖u‖2.
Conjugating back and using the fact that all operators used are tempered yields Theorem 1′.
Theorem 2′ then follows immediately using [3, Lemma 6.3].
To get the Main Theorem from [3], Theorem 2 from [3], and indeed the improvement to a
neighbourhood | Im z| c0h/ log(1/h) which gives Theorem 5′, we now use the control theory
arguments from [2]. That is, if B1 ∈ Ψ 0, B1 ≡ 1 near γ , has wavefront set sufficiently close to
γ , ϕ ∈ Ψ 0 has wavefront set away from gamma and ϕ ≡ 1 on supp∇B1, and a ∈ C∞(T ∗X)
controls T ∗X geometrically outside a neighbourhood of γ , we have for z ∈ [−1/2,1/2]
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∥∥Q˜(z)−1Q˜(z)B1u∥∥+ O(h∞)‖u‖
= C∥∥Q˜(z)−1(B1Q(z) + [Q(z),B1])u∥∥+ O(h∞)‖u‖
 C
∥∥Q˜(z)−1B1Q(z)u∥∥+C∥∥Q˜(z)−1ϕ[Q(z),B1]u∥∥+ O(h∞)‖u‖
 C log(1/h)
h
∥∥Q(z)u∥∥+C log1/2(1/h)‖ϕ˜u‖ + O(h∞)‖u‖. (2.2)
Here we have used that Q˜(z)B1 = Q(z)B1, WF[Q(z),B1] is away from γ , Q(z) is elliptic away
from {p = 0} ⊃ γ , and we take ϕ˜ ∈ Ψ 0 satisfying ϕ˜ ≡ 1 on WF[Q(z),B1] but WF ϕ˜ ∩ γ = ∅.
Next, we assume aw = A∗A for some non-negative definite A ∈ Ψ 0, so that
‖Au‖2 = 〈au,u〉,
and [3, Lemma 6.1] implies
∥∥(1 −B1)u∥∥ C
h
∥∥Q(z)u∥∥+C‖Au‖ + O(h∞)‖u‖.
Then, again using [3, Lemma 6.1] on the term with ϕ˜u in (2.2) all told we have the estimate
‖u‖ C log(1/h)
h
∥∥Q(z)u∥∥+C log1/2(1/h)‖Au‖ + O(h∞)‖u‖.
Since
Q˜(z)B1u = Q(z)B1u =
(
P(h)− z)B1u
modulo O(h∞)‖u‖, the preceding calculations hold true with P − z replacing Q(z), which is
the Main Theorem from [3].
Finally, to get the first estimate in [3, Theorem 2] (and the improvement to a complex neigh-
bourhood), we calculate for z ∈ [−1/2,1/2],
‖Au‖2 = 〈au,u〉
= 1
h
Im
〈
Q(z)u,u
〉
 1
h
∥∥Q(z)u∥∥‖u‖,
so that we have for any  > 0,
log1/2(1/h)‖Au‖ log1/2(1/h)
(
1
h
∥∥Q(z)u∥∥‖u‖)1/2
 log(1/h)
2h
∥∥Q(z)u∥∥+ ‖u‖.
Combining this with (2.2) and taking  > 0 sufficiently small yields Theorem 2 from [3]. The
improvement to | Im z| c0h/ log(1/h) follows from taking c0 > 0 sufficiently small, since then
the order of the perturbation is the same order as the estimate.
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